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1 Motivation for M,

Figure 1 illustrates that the orientations of artist-drawn strokes
do not always align with predetermined basis directions, such as
principal curvature directions or luminance gradients. Instead, we
observe an unconscious combination of basis directions.

For example, beyond strokes following illumination cues, we see
strokes annotated in green, orange, and red in the right panel of
Figure 1. Compared to the principal curvature directions shown
in green in the left panel, the orange directions deviate from the
curvature directions, instead appearing as an intermediate blend
between the red silhouette directions and the curvature directions
in the interior.

The role of My is to convert features into coefficients for basis
fields, effectively capturing and learning this unconscious relation-
ship.
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Fig. 1. Stroke orientations in a saddle shape example.

2 Curvature for Isosurfaces of a Scalar Field

Let us use subscripts after a comma to indicate partial derivatives
2

(eg., Yx = g—;/: and ¢y = ;x_g/y)' Then, the gradient of a scalar

field ¢ is given by V¢ = (x, 4, ¥2) T, and its Hessian H()/) and

the adjugate of the Hessian H* (i) are given by

Vax Yy Yxz Vyylee = Vyeley  VigeWox = Vyntez  Yuyxlzy = Yiyylax
H(‘/’): ‘/’,yx ‘/’.yy 'kyz ’ H«(‘/’): ‘/’.ler,’vzy"pvxy‘p,zz ‘/’.XXW,ZZ"/’,XZ’J"ZX 'kxy'vl/,zx"p,xx‘//.zy >
Vax Yoy Yz VoeyVyz = VixeWyy  YoxVixz = VixxViyz  Yoxiyy — Yy Yoyx
1
respectively. Then, the formulae by Goldman [2005] gives the Gauss-
ian curvature kg and mean curvature kp, as

_ (YY) TH )V _ (Y)THE)VY - [VYI* TrH(Y)
vyp¢ " 2|y '

@

In practice, the computed object-space curvatures kg and xp,
can be noisy in very thin regions where Vi approaches zero. To
address this, we apply a Gaussian filter to smooth i slightly before
computing the curvatures. This smoothing causes non-constant
regions of ¢ to spread toward the vacuum region, effectively moving
zero-gradient regions closer to the vacuum. Since the free-path
distribution is zero in the vacuum, these regions contribute less
during the integration along the line of sight, improving numerical
stability.

3 Computing Distance from Silhouette for Medium

We discretize the following integral discussed in the main paper,

1
u(w = [ e mpas(ndr, )
in an adaptive way. For pgis:(17), we use
(n—ne)?
Paist(n) o< exp (—% L foros<g<, (4)

with proper normalization, where we set 7; = 0.9, and o = 0.2.
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We approximate (3) in the following form:

Mnt

Eu(w) = ) & (. ) (P = ), (9)
k=0

where 19 = 0 and 7, = 1, and 77 ’s are not evenly distributed. F()
is the cumulative distribution function of pgjs (7). We obtain this
form by performing Taylor expansion for & (u, n) up to first order,
and use the first order term as an error metric to determine 7;’s.

Suppose that n;’s are given. Then, we can estimate the error
when we only use the zero-th order term for &yy(u, ) as follows.
First, we have

Mnt

Nk+1
tuw =, [ tulwnpaan. ©
k=0 ¥k
Expanding &y(u, 17) up to first order, we have
£ ) ~ ) + (=) 2L o)
Let
_ Mt e ] ®)

2

Then, we have an first order approximation gM(u) (each term ex-
panded at the middle point of the corresponding interval) for (6)
as

Nin

: kst _ . 9pm(u,7g)
Eu(u) =) / {éM(u, M) + (= M) == { paist(m)dy.
k=0 vk m
©)
To compute the integration for the second term in the curly braces

Iém (w.fk)

in (9) (and noting that a1 is a constant), we define Q(a, b) as

b
Q(a,b) :=/ ('7— az;b)Pdist(’?)dU- (10)

Let the integral of F be G. With integral by parts, we have

b b b
0@) = lnrlh - [ Fndn -2 [ pua

= "8 + F@) - (6(0) - (@) (1)

Plugging in (9), we have
Mnt

Ev(u) = ) En(w k) (F(near) = F(ng)
k=0

+A§ AEp (u, i)

B O, Mies1)- (12)
n

k=0

If we require the absolute value of each term in the second summa-
tion to be smaller than a threshold ¢, we must have

96w (u, g)

‘TQ('II« Met1)| < €. (13)

Since &pr(u, ) is a signed distance function, its partial derivative

%:;”7” is essentially bounded by how fast the inverse of the
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spatial derivative of transmittance TS(M) (u) changes near the iso-

contour TS(M) (u) = n, or more specifically, let d be

1
Sk := max T i < TS(M) (W) < Hgy1 ¢ s (14)
[vur™ w)
then
Em (u, ig)
IOMAT ) . 1
‘ p < §k ( 5)
So,
£
QK Mies1)] < 5 (16)
k

Starting from k = 0 with o = 0, we find the largest 1 satisfying
(16).

4 Standardization of Features

We apply standardization as in Todo et al. [2022] for features to
equalize their scales. The standardization is done for all the frames
simultaneously (to keep the procedure consistent over the frames).

41 L*, a*, b*

We first convert the raw screen intensity Is(u) into the correspond-
ing L* (u), a* (1), and b* (1) components. Then, For the luminance
L*, we apply a tone mapping 7~ to obtain the tone mapped lumi-
nance Is, which is treated as the intensity feature, using the same
function as Todo et al. [2022] given below:

exp(©7L*)

L(L*) = T (L*; Limax, ©7) = Limax [2——————— —
s(L™) ( max> ©7) max exp(©7L%) + 1

1], (17)
where Lyax controls the upper limit of the tone mapped luminance,
and ©4 controls the curve. For standardization of the luminance,
we rescale and shift I; from [0, Lyax] to [—1, 1].

For the a* and b* components, we first compute the maximum
value ¢™ = max(|a*|, |b*|), and then rescale [—c™&¥, c™3X] to
[-1,1].

4.2 Apparent intensity gradient

For the apparent intensity gradient, we first compute its mean ,ujsvz
and standard deviation X iV Then, we rescale and shift [0, Hiws +
2553, ] to [-1,1].

4.3 Apparent curvatures

We first compute the (top) 2 percentile values K(st%) , K,(,Z” ) of the

absolute values of apparent Gaussian curvatures |kgs| and apparent
mean curvatures |kp,s| over frames, respectively. Then, we compute

their maximum k™3 as k™3 = max(K(GZS%), (K,(fs% ))2). Note that the
absolute maximum of the mean curvature is squared to align the
unit with that of the Gaussian curvature. For the apparent Gaussian
curvature, we rescale [—x™2% k™3X] o [—1, 1], and for the apparent
mean curvature, we rescale [—Vk™MaX yxMax] to [—1, 1]. Note that

larger values (outside of [—1, 1]) are not clamped.



4.4 Apparent normal

Since the apparent normals lie in the range [—1, 1] by construction,
we apply no standardization for them.

4.5 Temperature

We first compute the (top) 2 percentile value CS(Z%) of the tempera-

tures Cg over frames. Then, we rescale and shift [0, CS(Z%)] to [-1,1].
No clamp is applied for values exceeding this range.

4.6 Apparent relative velocity

We first compute the (top) 2 percentile values Us(x’Z%) and US( Y2%) of

the absolute x- and y- components of the apparent relative veloci-

ties |Us(x)| and |vs(y)| over frames. We then compute the maximum

x,2% ,2%
value as o™ = max(vi ), viy 0)), and rescale [—v

[-1, 1]. No clamp is applied for values exceeding this range.

max’ UmaX] tO

4.7 Transmittance

We rescale and shift [0, 1] (the value range of transmittance) to
[-1,1].

4.8 Apparent mean free-path

We compute the top and bottom 1 percentile values ds(top 1%) and

ds(bmom’l%) over the frames. We then rescale [ds(bOttom’l%), ds(mp’l%)]

o [—1,1]. No clamp is applied for values exceeding this range.

4.9 Distance from silhouettes

We compute the maximum value &M for the distance from sil-
houettes over frames (no absolute operator is applied). We then
rescale [—MaX FMAX] to [—1, 1]. Note that no clamp is applied for
gs < — gmaxh

5 Basis Fields

For the intensity gradient I (D () and its 90° rotation I4) (), we
have

1D (w) = N(Vo1(w)), (18)
and
I (u) = Rot, /o (R(V2I (1)), (19)

where 9(-) normalizes the vector in the screen space, and Rot,/, is
the 90° rotation in the screen space.

For silhouette guided direction oD (u) and its 90° rotation o) (u),
we have

ol (u) == N(V25(w)), (20)
and

0™ (1) = Rot,y o (R(V2£5 (w))). (21)

For apparent normal n(D (u) and its 90° rotation n(L) (u), we
have

n(D (@) = REEY (w)), (22)
and

n( (u) = Rot, o (R(n{™Y (w))). (23)
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For gradient of apparent mean free-path m D (u) and its 90°
rotation m (%) (u), we have
mW (u) := R(Vads (w) (24)
and

m ) () = Rotyy /5 (R(Vads (). (25)

Finally, for relative velocity oD (u) and its 90° rotation o) (u),
we have

ol (u) = N(vs(w)), (26)
and
o) () = Rot,p /o (N (vs(w))). (27)

6 Orientation Smoothing

Let d(t,u) denote the orientation field obtained from the learned
model for the target scene. The smoothed field, d(t,u), is computed
as:

Jzargmin(//”d’—d”szdt
d TJQ
ad’\?
s / / IVod'|PdAdt + 2 / / ( ) dAdt
TJQ TJo \ ot

(28)

5

where (¢, u) is omitted for brevity, As and A; are spatial and temporal
smoothing coefficients, and T and Q denote the temporal domain
(start to end of the animation) and spatial domain (screen region),
respectively. Vy denotes the spatial gradient in screen space.

The corresponding discrete formulation is:

V = argmin E(V’), (29)
v

where V encodes the spatially and temporally varying field v into a
single long vector. The energy functional E(V”) is expressed as:

EWV)=(V-V)Ti(v-V)+VTDTADYV, (30)

where | = diag(AAAt, ..., AAAL), AA = AxAy, Aisa diagonal matrix
consisting terms of AsAAAt and AtAAAt, and D is the discrete dif-
ferential operator consisting terms of A_Ix’ E—}C, ALy’ E—;, Alt’ E—;, and
0. By differentiating the energy functional E(V”) with respect to V’
and setting the derivative to zero, the smoothed field V is obtained

by solving the following sparse linear system:
(i+DTAD)V = iV. (31)

Unlike the discretization approach on curved surfaces employed
in stroke transfer for surfaces [Todo et al. 2022], our method op-
erates on a regular grid aligned with the screen resolution. This
makes the implementation straightforward and computationally ef-
ficient. Consequently, we can solve for smoothing across all frames
simultaneously, further enhancing scalability and performance.
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7 Stroke Rendering

Our goal in stroke rendering is to determine a set of anchor points
and corresponding strokes for each frame of the animation. The
inputs to this process include the attribute samplers 5™ (one per
frame), relative velocity fields o, optional binary alpha masks
M) , two stroke textures Tg and Ty (original and shrinked), and
discretization parameters such as timestep At (the interval between
consecutive frames) and stroke step length Al.

An attribute sampler S () isa queryable structure that returns
stroke attributes—color, orientation, length, and width—at a given
screen-space position u. It can also be extended to return other
properties, such as region labels, which are transferred from exem-
plars in the same way as color, via regression. The relative velocity
field (") is defined as described in the main paper and is used
to advect anchor points across frames. The alpha mask M (n) if
provided, represents a coarse binary segmentation of foreground
regions where strokes are to be drawn; it can be generated, for in-
stance, by thresholding transmittance. We use two stroke textures:
the original texture Tg, and a shrinked version Tjy, analogous to the
use of reduced radii in particle resampling (e.g., [Yue et al. 2015]).
This design helps newly added strokes persist across frames, even
when undergoing slight motion. By applying overlap checks using
the smaller texture but rendering with the original one, we encour-
age spatial overlap between neighboring strokes, which can help
maintain visual density and continuity in animated sequences.

Stroke generation proceeds as described in Algorithm 1, which
loops over all frames. For each frame, the system propagates anchor
points and strokes from the previous frame (Algorithm 2), fills un-
covered regions with new strokes (Algorithm 3), sorts the strokes
(Algorithm 4), and removes strokes that are completely occluded
(Algorithm 5).

In the update step (Algorithm 2), the active set is initialized
using the alpha mask. Each anchor from the previous frame is
advected using the velocity field via a Runge—Kutta integration
scheme (TVDRK, Algorithm 6). A new stroke is then generated us-
ing Generate_Stroke (Algorithm 8), and its pixels are marked as
covered in the active set using the original texture Tg.

In the addition step (Algorithm 3), new anchor points are sampled
from the remaining active regions. Each new anchor is assigned
randomized parameters and used to generate a stroke. The region
covered by the stroke is deactivated using the shrinked texture Ty to
allow strokes to overlap in rendering while preventing unnecessary
density.

Strokes are sorted (Algorithm 4) in creation order for a consis-
tent overdrawing effect, though other ordering strategies such as
luminance-based sorting are also possible.

Hidden strokes are removed (Algorithm 5) efficiently by rendering
strokes in reverse order (from front to back) and maintaining a
transparency buffer. If no pixels of a stroke remain visible (based
on alpha thresholds and accumulated transparency), it is flagged
for removal. This approach avoids quadratic time complexity and
allows for linear-time occlusion testing.

Each stroke is composed of two halves traced from an anchor

point. The function Generate_Stroke calls Generate_Stroke_Half

(Algorithm 7) in both forward and backward directions. Tracing
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follows the screen-space orientation field given by the attribute
sampler and terminates based on stroke length, region boundary, or
degeneracy. Stroke length is determined dynamically as the aver-
age of sampled target lengths along the traced path, allowing early
or extended termination depending on the local field. The center-
line generated from tracing is then thickened based on the width
sampled at the anchor point to construct the final stroke geometry.

We use a three-stage Runge-Kutta method, TVDRK (Algorithm 6),
for accurate integration along the given vector field. While the pseu-
docode presents TVDRK as a single step, the actual implementation
subdivides it into multiple substeps for improved numerical stability
and smooth visual output. A rotation matrix is passed to TVDRK
to account for angular offsets or direction flipping needed when
tracing in both forward and reverse directions.

Algorithm 1 Generate_Strokes

Input: The set of frame indices N, texture T for existing strokes,
shrinked texture Ty for new strokes, attribute samplers {S (n) 1
~(n)

relative velocities ;" , alpha masks {M(™)}, timestep (interval
between consecutive frames) At, step length Al

1 A« 0 > Set of anchor points from previous frame
28" «0 > Set of strokes from previous frame
3: forn € N do

& A,S, A Update(A~, S~ MM T, s (™ At Al
5. ANST — Add(A’, S, A Ty, ST, Al

6: A, S « Sort(A’,S", A, S)

7 A,S < Remove_Hidden(A, S, Tg, Tn)

8: Save_Data(A, S, n)

9: A A

10: S™«S
11: end for

Algorithm 2 Update

Input: Anchors A~ from previous frame, strokes S~ from previ-
ous frame, mask M® for the current frame, stroke texture T,
attribute sampler S (") for the current frame, relative velocity
5§”) for the current frame, timestep At, step length Al

Output: Advected anchors A’, advected strokes S’, active set A

A M™

A —0

S <0

: for a~ € A~ do

@« TVDRK(a™, 5™, At, 1)

A — A u{d}

s’ « Generate_Stroke(a’, s, Al)

S« S"u{s'}

A « Deactivate(A,s’,T)

: end for

11: return A, S’ A

b AR A > 4

—
(=1
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Algorithm 3 Add

Algorithm 6 TVDRK

Input: Already generated anchors A’ and strokes S’, active set A,
Texture T, attribute sampler S (n), step length Al
Output: Anchors A* and strokes S*
1: ﬂ+ — A’
2: S+ — SI
3. while A has active location do
4 u «— Find_Random_Location_from_Active_Set(A)
5: = « Determine_Random_Numbers_for_Anchor()
6 a«— {u,=}
7 AT — AT U {a}
8 s — Generate_Stroke(a,S(”), Al)
9: ST — St u {s}
10: A < Deactivate(A,s, T)
11: end while
12: return A*, ST

Algorithm 4 Sort

Input: Anchors A’ and strokes S’ that existed from the previous
frame (and have been advected during the current frame), newly
added anchors A* and strokes S*

Output: Sorted anchors A and strokes S

1: > For the overdrawing effect, a stroke generated earlier should
be drawn onto the canvas before a stroke generated later. Since
the stroke order is preserved throughout other operations, we
simply append newly generated anchors and strokes to the end
of their respective lists.

2 Ae— A VAT

3 S—S'uSt

Algorithm 5 Remove_Hidden

Input: Anchors A, strokes S, texture Tk, texture Ty
Output: Anchors A, strokes S
1: » Strokes are drawn in reverse order. A buffer tracks the accumu-
lated (reduced) transparency. If no pixels pass the transparency
test for the current stroke, we set a remove flag for that stroke.
2 ng « |S]|
3. B« {1} » Initialize the transparent buffer to 1 (transparent)

everywhere
4 J 0 > Indices of strokes to be removed
5. for j € {ng—1,ns—2,---,0} do
6: if not Visible(B, S[j], Tg) then
7 J — T U}
8: end if
9 B « Update_Transparency(B,S[j], Tn)
10: end for

11: A « Remove_from_List(A, T)
12: § « Remove_from_List(S, )

Input: Position u, vector field w, timestep At, Rotation matrix R

Output: Advected position u’
1: vy —w(u)

;w1 <« u+ RoyAt

: 01 — w(uy)

DUy — %u + % (u1 + RoAt)

vy —w(ug)

%u + % (u2 + RuaAt)

. » For simplicity, the above TVDRK is presented as a single step,
but in our implementation, we decompose the single step into
multiple sub-steps for more accurate advection

8: return u’

> velocity

cu

N9 G R W

Algorithm 7 Generate_Stroke_Half

Input: Anchor g, attribute sampler S, matrix factor F, step length
Al

Output: Stroke s,
1: w < Sw(a.u)
2 R < R(a.B)
offset

: L « S.L(a.u)

g — [%S.I(a.u)]

u<—au

c — {u} > Center line vertices

: while S.L(u) = L and Length(s) < Average(ls) do

find At such that |||TVDRK(u, S.d, At, FR) —u|| — Al| < ¢

u < TVDRK(u, S.d, At, FR)

0: Il U{3SI(w)}

11: c—cU{u}

12: end while

13: sp, < Build_from_Centerline(c, w)

14: return sy

> Rotation corresponding to random angular

> Region label

R A A

Algorithm 8 Generate_Stroke

Input: Anchor g, attribute sampler S, step length Al
Output: Stroke s

1: st « Generate_Stroke_Half(a, S, 1, Al)

2: s7 « Generate_Stroke_Half(a,S, -1, Al)

3. return {s” Us*}

Algorithm 9 Deactivate

Input: Active set A, stroke s, texture T
Output: Updated active set A’

1 A — A

2. for P € s(T) do > For each pixel drawn for s using T
3 A’ (u(P)) < inactive
4: end for
5

: return A’

8 Scene Statistics

We summarize scene statistics in Table 1, including the camera
setting (dynamic or static), medium setting (dynamic or static), pres-
ence of surfaces, total number of frames, average number of strokes
per frame, and the frame indices of selected exemplar frames.
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Algorithm 10 Find_Random_Location_from_Active_Set

Input: Active set A
Output: Position u
1: P « list of all active pixels in A
2: C(P) « cumulative distribution for
3: u < sampling according to C(P)
4: > For efficiency, the operations listed above are accelerated using
a quad-tree
5: return u

Algorithm 11 Visible

Input: Transparency buffer B, stroke s, texture T
Output: True if stroke s is not hidden, False otherwise
1: for P € s(T) do > For each pixel drawn for s using T

2 > Check if the pixel drawn is not transparent (using some
threshold 6,):

3: ba(P) <—a(P) Zea

4 > Check if the transparency buffer is not opaque enough to

hide the current pixel (using some threshold 0p):

5. baB(u(p))) « @(B(u(P))) = 0

6: > If both tests passed, then there is at least one pixel that is
visible:

7: if by (p) and by (B(u(p))) then

8: return true
9: end if
10: end for

11: » If none of the pixels passed the tests, then the stroke is invisi-
ble:
12: return false

Algorithm 12 Update_Transparency

Input: Transparency buffer B, stroke s, texture T
Output: Updated transparency buffer B’
1: B < B
2. for P € s(T) do > For each pixel drawn for s using T
3 > Multiply the transparency 1 — «(P) with the values stored
in the buffer:
4 B'(u(P)) — (1-a(P))B(u(P))
5. end for
6: return B/

Table 1. Scene statistics.

Scene Camera  Medium Surface #Animation | Avr. fStrokes Exemplar
frames per frame frames
Rising Smoke dynamic  dynamic - 240 57,706 114, 216
Clouds static dynamic - 500 121,125 336, 60, 456
Ring Fire (Dense) static dynamic - 240 56,424 144, 48, 198
Ring Fire (Thin) static dynamic - 240 167,798 186,72
Dense Static Medium | dynamic  static - 150 125,605 42
Surface Only dynamic - monkey 149 75,751 42
‘Wood and Fire static dynamic wood 240 64,103 228, 54, 168, 90
Colliding Smokes static  dynamic - 240 36,030 216
Laminar to Turbulent static dynamic - 229 50,484 72,192, 24
Foggy Forest dynamic dynamic trees, ground 390 55,957 66, 282, 186, 366
Fire static dynamic - 240 56,389 228
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Fig. 2. Breakdown of the computation time for features and basis
fields.

9 Detailed Timing

The computation of features and basis fields is embarrassingly par-
allel across frames. With Apple Silicon M4 Max CPU, computations
can be distributed to the 12 Performance Cores at a time, and a scene
with participating media at a volume resolution of 512 X 512 X 512
and a screen resolution of 512 X 512 takes approximately 7 seconds
per frame under this parallelism. Figure 2 presents a breakdown of
the computation time for features and basis fields.

For exemplar frame selection, we downsample feature maps to
128 x 128 and sample every sixth frame, yielding 40 candidates
for a 240-frame animation. Fitting a GMM takes 0.37 seconds per
frame, and the exemplar selection algorithm adds 0.10, 0.20, 0.29,
and 0.40 seconds per frame for selecting the first through fourth
exemplars, respectively. If the process selects two exemplars, it
incurs the cost of attempting a third and discarding it, resulting in a
total of 40 % (0.37+0.10+0.20+0.29) = 38.8 seconds of computation.

The regression takes approximately 3 seconds, and the transfer
takes 6.2 seconds per frame. The stroke generation time depends on
the number of generated strokes (e.g., about 9 seconds for 30, 000
strokes and 60 seconds for 130, 000 strokes).

Preparing a single exemplar frame requires approximately 20
minutes for painting colors and 15 minutes for defining orientations,
widths, and lengths.

10 Comparison to Previous Methods

We compare our method against two patch-based approaches [Fiser
et al. 2016; Texler et al. 2020], a neural transfer method [Ghiasi
et al. 2017], two stroke-based neural transfer methods [Hu et al.
2023; Kotovenko et al. 2021], and a diffusion-based text-to-video
method [Liu et al. 2024]. These methods were selected based on the
availability of source code and successful execution without errors.

For the methods by FiSer et al.[2016], Ghiasi et al.[2017], and
Kotovenko et al.[2021], whose implementations accept only a sin-
gle style image, we used the first exemplar frame selected by our
method and drawn by the user. Texler et al.[2020] supports multiple
style images; we provided all user-drawn exemplars selected by our
method. For Hu et al. [2023], which requires a sequence of stylized
images, we used color attributes obtained by applying the stroke
transfer framework to image-based features.



Liu et al. [2024] did not release the implementation supporting
conditional inputs. Therefore, we used our user-drawn exemplar
frames as style images, along with a text prompt describing the
scene.

Results are presented in our supplementary and additional videos.
Participating media require structured, temporally coherent strokes
to represent dynamic, non-rigid motion. Patch-based methods tend
to introduce stitching artifacts and often fail to preserve stroke
structure. Similar issues appear in the neural transfer method [Ghi-
asi et al. 2017], where brushstroke fidelity and motion coherence
degrade significantly.

Stroke-based neural transfer methods [Hu et al. 2023; Kotovenko
et al. 2021] struggled to reproduce the intended stroke shapes—often
generating blocky patterns—and frequently altered stroke colors
and styles. These inconsistencies become more pronounced in an-
imations. The text-to-video method [Liu et al. 2024], when used
without conditioning, was unable to generate stroke-based anima-
tions aligned with the desired scene.

In contrast, our method avoids these issues and produces tem-
porally coherent stroke animations that faithfully reflect the user’s
intended style.

11 Importance of Features

In Figure 3, we present the learned model My, for each scene, high-
lighting the diverse utilization of features across different scenarios.
For instance, Ring-Fire (Dense) primarily relies on intensity-based
features, while Laminar-to-Turbulence heavily utilizes velocity-
based features. The Surface-only scene incorporates curvature and
normal features alongside intensity-based, velocity-based, silhou-
ette and transmittance! features, and Foggy-Forest also makes use
of curvature features.

Our feature and basis field design is not aimed at minimizing the
feature set; instead, we focus on expanding the model’s degrees of
freedom to simplify the learning process. This approach enables the
system to effectively train models even with low-order (e.g., linear)
regression.

12 Ablation Settings

We detalil the five settings (no illuminations, no normals or curva-
tures, no silhouettes, no velocities, and no additional volumetric
cues) in Table 2.

13 Performance of Transfer

To further validate the effectiveness of the attribute transfer, we
conducted an additional test using validation exemplars provided
by a human user for intermediate frames. These frames were not
included during training. The user annotated stroke widths, lengths,
and orientations on rendered images, which served as validation
exemplars. We then compared these manually specified attributes
with those predicted by our original model. As shown in Figures 4, 5,
6,7,8,9,10,11, 12, 13, and 14, the results closely align, demonstrating
that our method robustly generalizes and reliably transfers stylistic
attributes to unseen frames.

!For this surface only example, the transmittance is essentially a binary mask separating
the foreground from the background.
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h Ring Fire (t‘hin’) e ’ ‘R‘ing Fire ‘(dens’e)v o

Dense Static Medlum Surface O y

Collldmg Smokes. Laminar to Turbulent

Clouds o

B Wood and Fire

) F(’)g‘g)‘/’ Forest o

Fig. 3. Learned model My for each scene.

validation exemplar transferred error

orientation

Fig. 4. Validation of attributes for an intermediate frame (Rising
Smoke). Errors for colors, widths, and lengths are relative errors. For orien-
tation, we show cosine similarity.
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Table 2. Features and basis fields included in each setting of the ablation study. Sections refer to those in the main paper.

Features / basis fields

‘ No illuminations No normals or curvatures No silhouettes No velocities No additional volumetric cues

Intensity and apparent intensity gradient (§5.2.1)
Apparent Gaussian and mean curvatures (§5.2.2)
Apparent normals (§5.2.3)
Temperature (§5.2.4)

Apparent relative velocity (§5.2.5)
Transmittance (§5.2.6)

Apparent mean free-path (§5.2.7)
Distance from silhouettes (§5.2.8)

SNENENE NN

v v

v

NENENEN

SN NENENENEN

Intensity gradient and its 90° rotation
Silhouette-guided direction and its 90° rotation
Apparent normal and its 90° rotation
Apparent relative velocity and its 90° rotation
The gradient of apparent mean free-path and its 90° rotation

CUN S

ENENI ENENENENENY
\

ENENEN ENENENY

NN
SNENENE
<
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Fig. 5. Validation of attributes for an intermediate frame (Clouds).
Errors for colors, widths, and lengths are relative errors. For orientation, we
show cosine similarity.

14 Proof for Free-Path Distribution Approaching Delta
Function
DEFINITION 1. We say that o(x) is an extinction function if o(x) >
Oforvx € R’L, where RY = [0, 00). We assume that the viewpoint is
located at x = 0, and the region Vx € R” corresponds to the line of
sight.

DEFINITION 2. We say that an extinction function o(x) is reasonably

mild if and only if o(x) is bounded (i.e, 0 < 3My < oo, such that
|o(x)| < My ) and Riemann integrable.

DEFINITION 3. We say that an extinction function o(x) has a
vacuum-medium boundary at x = xo, where xo > 0, if and only if
o(x) =0 for x < xo, o(x) is right-differentiable at x = xo, and there
exists yo > 0 such that o(x) > 0 for xo < x < xo + yg. The last two
conditions can be equivalently posed as 1) o(x) is right-continuous

(lim,/ | o(x") = o(x))for xo < x < x0 +y5, and 2) for 0 < Ve < ¥o,
o(x) is bounded in the following sense:

Ox, +k1(e)e < o(x0 +€) < oy, +ka(e)e, (32)
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Fig. 6. Validation of attributes for an intermediate frame (Ring Fire
(Dense)). Errors for colors, widths, and lengths are relative errors. For
orientation, we show cosine similarity.

where ys (and hence ¢) can be taken small enough so that oy, +
ki(e)e > 0 for0 < x < ¢, and as e | 0, the bound can be made tighter
such thatlim, |, ],;—8 = 1. These conditions are for defining the bound-
ary (0 extinction between the viewpoint at x = 0 and the boundary
X = xo, and a region with non-zero length of non-zero extinction right
beyond the boundary) while ruling out pathological cases. We also
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Fig. 7. Validation of attributes for an intermediate frame (Ring Fire
(Thin)). Errors for colors, widths, and lengths are relative errors. For orien-
tation, we show cosine similarity.

use the notation o(x;xo) to imply the extinction function having a
vacuum-medium boundary at x = xg.

REMARK 1. Definition 3 allows o(x;x0) to be discontinuous and
have a step edge at x = xo; while limy1,, o(x") = 0, limy |, o(x")
can be either 0 or some non-zero positive value (due to the step edge).
In addition, it is possible that k1 and ko are both negative if beyond
the step edge the extinction is decreasing.

DEFINITION 4. For a reasonably mild extinction function o (x;xo),
we define its transmittance Ty (x; x9) as

Ty (x; x0) = exp (— /Ox O'(x';xo)dx’) = exp (— /x cr(x';xo)dx') .
° (33)

Forx < xq, Tg(x;x0) = 1. We are using the subscript to T to indicate
the associated extinction function. Note that since o(x) > 0, we can
easily see that Ty (x; x0) is a non-increasing function (for x € RY).

DEFINITION 5. For a reasonably mild extinction function o(x;xo),

we define its free path distribution (a probability densityfunction)pg]
as

PP (x:x0) = 0(26; %0) T (3 X0). (34)
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validation exemplar transferred error

H 50
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015
010
005
000
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cos. similarity

orientation

Fig. 8. Validation of attributes for an intermediate frame (Dense
Static Medium). Errors for colors, widths, and lengths are relative errors.
For orientation, we show cosine similarity.

Again, we are using the subscript to indicate the associated extinction
function.

DEFINITION 6. Letyy > 0. Wesay that a function f (x) is reasonably
smooth at [xo, xo + yr] ifand only if f (x) is bounded in the following
Lipschitz sense as

Jro +k3(x = x0) < f(x) < fiey +ka(x = x0) (35)
forxo < x < xo +yg, where fx, = f(x0).

THEOREM 1. Let o(x;x0) be a reasonably mild extinction function
(Definitions 2 and 3). Let 04(x; x0) = ao(x;x0) (note that o4(x;x0) is
also a reasonably mild extinction function with a vacuum-medium
boundary at x = x).

Let a function f(x) € L! be bounded (i.e., 0 < E‘Mf < oo such that
|f (x)| < My), absolutely integrable (i.e., 0 < HMf 1l < o such that
/_o; |f(x)]dx < M/ Ifl)’ and reasonably smooth at [xo, xo + yf] for

some yf > 0 (Definition 6).
Then,

a—oo

lim | ” P (s x0) £ (x)dx = f(x0). (36)
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validation exemplar transferred error

color

cos. similarity

orientation

Fig. 9. Validation of attributes for an intermediate frame (Surface
Only). Errors for colors, widths, and lengths are relative errors. For orienta-
tion, we show cosine similarity.

REMARK 2. In the sense of Theorem 1, we say
lim pf? (x;x0) = 8(x, x0)- (37)
a—oo

REMARK 3. For cases where o(x;xo) is Lebesgue integrable but
not Riemann integrable, if there exists 6(x; xo) such that 6(x;xp) =
o(x;xp) except for 0 measure discontinuities and 6(x;xg) is right-
continuous for (xo, xo + yo| (i.e., 6(x;xo) is a continuous version of
o (x;xp) in (x0,x0 + Yol), we may still apply the above theorem for
6(x;x0), provided that other conditions imposed by the theorem on
& (x;xp) hold.

Proor. Let y = min(ye, yr). Note that y > 0. We take ¢ as a
function of a such that 0 < ¢(a) < y. To simplify notation, we write
£q instead of e(a). We split the integral (36) as

lim / plf;; (x;x0) f (x)dx
*Jo

a—
X0 £ Xot+éq £
= alim / p;l (25 x0) f (x)dx + alim / p,,pa (25 x0) f (x)dx
—0o Jo —00 X0
+ lim pf?a (x;x0) f (x)dx. (38)
a—oo Xo+éa

The first term of (38) is clearly 0. The ideas behind splitting the
integral into these three terms are that 1) as a is cranked up, the free

SIGGRAPH Conference Papers ’25, August 10-14, 2025, Vancouver, BC, Canada.

validation exemplar transferred

-

error

030
025
020
0.1
0.10
005

000

030
025
020
015
010
005
000

030

cos. similarity

c
.2
=1
5]
I
c
2
=
S

Fig. 10. Validation of attributes for an intermediate frame (Wood
and Fire). Errors for colors, widths, and lengths are relative errors. For
orientation, we show cosine similarity.

path distribution will more condense into the region [xo, xo + £4] of
the middle term, and that 2) the last term will diminish if ¢ is driven
to 0 in an appropriate speed (which cannot be too fast, otherwise
the free path distribution will not be dominant in the middle term;
the detailed condition will be clear later on).

For the last term of (38), we name it V and define

N o fi
Val(ea; x0) = / Pa (3 x0) f(x)dx, (39)
Xot+éa
SO
V= ah—{lgo Va(é‘a;xo)- (40)

For any x satisfying xo < x < xo + &4 < xo +y, we have

X

0 < Ty, (x;%0) < exp (—/
X

0

a(ox, +k1(ea) (x" = XO))dx')

(33),(32)

S

= exp (—a(oxo (x —x0) +



validation exemplar transferred

orientation

error

Fig. 11. Validation of attributes for an intermediate frame (Colliding
Smokes). Errors for colors, widths, and lengths are relative errors. For

orientation, we show cosine similarity.

Because T, (x; Xo) is a non-increasing function (for x € R7), we
can bound Ty, (x;x0) for x > xo + €4 by setting x to xo + ¢4 as

0 < Ty, (x5%0) < exp [—a(ox,ea + k1 (;a) 5621 . (42)
Combined with
0 < aq(x;x0) < aMo, (43)
we have
0< p{,pa (x;x0) < aMg exp [—a(oxy éq + @sg (44)

for x > xo + 4.

Stroke Transfer for Participating Media: Supplementary Material « 11

030
025
020
o015
010
005
000

validation exemplar transferred error

030

020
015
010

005

cos. similarity

100
075
050

orientation

Fig. 12. Validation of attributes for an intermediate frame (Laminar
to Turbulent). Errors for colors, widths, and lengths are relative errors. For
orientation, we show cosine similarity.

So, we have
. o fi
Vaeai x0)| = / P (xix0) f(x)dx
Xo+€a

g g
< / 16 o)1 F () ldx = / 2 (o) f () ldx
Xo+€Eq Xot+éa
< / aMg exp (—a(c)'xoea + k1 (;a) 82 ) |f(x)|dx
X

0téa

aMy exp (—a(axosa + k1(€a)€§ )/m |f(x)|dx

2 otéa
ki(ea)
< aMgy exp (—a(crxoea + Tas,zl M/ T (45)
Hence,
s . ki(eq)
ah_rgo [Va(ea; x0)| < algtgo aMy exp (—a(axosa + T“gﬁ) Mf Il

(46)

If aexp (—a(axosa + %eg)) — 0as a — oo, then we have

limg—eo |Va(ea; x0)| = 0, so V(eg) = 0 and the last term of (38)
diminishes.
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Fig. 13. Validation of attributes for an intermediate frame (Foggy
Forest). Errors for colors, widths, and lengths are relative errors. For orien-
tation, we show cosine similarity.
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Let us estimate the speed required for ¢,. From Lemma 1, we have
limg—sco aexp(—ca®) = 0if s > 0 and ¢ > 0. Hence, if 3s > 0 and
3¢ > 0 such that a(ox,€a + %82) > ca®, we obtain the desired
convergence. In fact, we can arbitrary pick a parameter  from (0, %)
Then, for the case of oy, > 0, we can take ¢; = a‘”‘s, which gives
limg—c0 €4 = 0, and
ki(ea) 5

2 @

(47)

ki(e
) — o_xoaé + 1(€a) a—1+25
2 ——

a (axo £q +
—0 as a—o0
On the other hand, if oy, = 0, condition (32) requires k1(¢z) > 0.

_1 . . .
For this case we can take ¢; = a 2+5, which gives limg 00 £ = 0

and
kl(zfa) 52) _ k() o2 (48)

a (O'xoé‘a + 5

Thus, aexp (—a(axosa + @65) — 0 as a — oo, and the last

term of (38) diminishes. Later on, we will find that the same choices
of ¢4 work for the computation of the middle term of (38).

Next, we compute the middle term of (38). Again, we consider
two cases: i) oy, > 0 and ii) oy, = 0. For i), we can bound o (x; xp) as

0 < om(eq) < o(x;x0) < opm(eq) < 0, (49)
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Fig. 14. Validation of attributes for an intermediate frame (Fire). Errors
for colors, widths, and lengths are relative errors. For orientation, we show
cosine similarity.

forxo < x < xo+eq < xo+y, withlim, |gom(eqa) = lim,, | gom(ea) =
o(x0;x0) = ox,. Hence, for xo < x < x0 + &4,

0 < aom(eq) < 0q(x;x0) < aop(eq) < o0, (50)
and

exp(—aop(eq) (x — x0)) < To, (x5%0) < exp(—aom(eq)(x — x0)),

(1)

SO

-fi f] ~f]
Doy, (3 %0, 0m (£a), op(£a)) < Pgy, (X3 %0) < Po, (x5 X0, o (£a), T (£a)),

(52)
where
..fp s d
Do, (x:x0,5, 1) := as exp(—at(x — x0)) = Tdx (1 - exp(—at(x — xp))) .
(53)
Recall that f(x) is bounded as
Sxo +E3(x —x0) < f(x) < fiey + ka(x — x0), (54)



according to (6). Then,

Xo+éa £
/ P (i x0) f()dx > V(e Om(a). a1 (6a)s feos ki 0)

X0

= / B (30, 0m (ea), o (£a)) (fy + K (x = x0))dx
_ [pgpa (53 %0, om (a), o (£a)) (fio + k3(x = x0)) zz+£a

Xot+Ea fp d
- Py, (x; %0, om (€a), UM(Sa))d—(fxo + k3 (x — xp))dx,
Xo X
(55)

where 152 (x;x0,5,t) = $(1 — exp(—at(x — x0))). Continuing the
Computation, we have

Va(ea, om(ea), O'M(Ea)sfxos k3; x0)
~f]
= Papa (x0 + €45 X0, om (€a), O'M(fa))(f;q] +k3eq)

~1]
- Poi (%05 X0, om (€a), oM (€a)) fxo

=0

L[ ) (a5 s
xo O'M(fa)

-
= P2 (x0 + £a; om(€a), om(a)) (fr, + k3ea)

exp(—aopr(eq) (x = x0))
aO'M(Ea) X0

_ ksom(ea) ot

om(€a)
_om(ea) . _
= onr(ea) (1 — exp(—aopm(ea)ea)) (fx, + k3€a)
_ ksom(ea)
om(€a) “

k3om(eq)
a(gM(Ea))z

(1 - exp(—aopm(ea)ea)).  (56)

If we take § from (0, %) (which aligns with the condition required
for the case when computing the last term of (38)), and set ¢, =
a 1% then, limg_ye0 £g = 0 and limg—se0 agg = limg_ye0 a® = oo,
thus limg—,00 (1 — exp(—aopr(eq)éq)) = 1.

Hence, in terms of V,(eq, om(€a), oM (€a), fxys k33 X0), We have

lim V,(eq, om(eq), O'M(fa)»fx(p k3; x())
a—oo

. Om &
= lim Zmlta) (1 - exp(-aopm(ea)ea)) (fi, + k3ea)

a—e gpr(eq)

1 -1 _’fxo
. ksom(ea) ksom(eq)
- lim ———= 2 maal (1-— -
al—I>It;10 O-M(Ea) a a—00 a(UM(é‘q))z ( eXP( aaM(E(Z)StZ))
—0 -0

= fx()' (57)

Likewise,

Xo+ea o
/ ch (x;x0) f(x)dx < Vg(€a, op(ea), om(€a)s fys kas x0).

X0
(58)
Taking the limit of a — oo, we have
algrgo Va(ea, om(€a), om(€a), fxy kas x0) = fr,- (59)
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In summary, we have

Xo+Ea

lim P (xix0) f(x)dx = fr.- (60)

a—0oo
For case ii), we can bound o(x; x0) as
ki(ea)(x = x0) < o(x3x0) < ka(éa)(x = x0), (61)

with 0 < k1 (eq) < ka(éq). Then,

aki(eq) (x — x0) < aa(x;x0) < akz(eq) (x — x0), (62)
and
_ak22(€a) (x _ xo)z < Ta(x;x()) < exp _ale(ga)(x - x0)2 s
(63)
so

AP (x5 x0, k1 (2a), Ko (ea)) < PP (x5x0) < PP (x5 x0, Ko (ea), K1 (24)),
(64)

where
AP (s x0, k1 (ea), ka(2a))

= aki(eq)(x — xo) exp (—@(X - xo)z)

ke d ([ akeed)
‘kz(ea)dx(1 P ( . T )) ©

Again, recall that f(x) is bounded as
Jxo +k3(x = x0) < f(x) < fy +ka(x = x0), (66)

according to (6). So,

Xotea o )
/ PP (xsx0) f(x)dx > Va(eas k1 (a). kaea). fros ksix0)

Xo

Xot+éq
= / ﬁgl (x5 x0, k1(€q), k2(€a)) (fio + K3 (x = x0))dx

Af(; Xo+éa
= [ P2 (0. k1 (ea). Ko (ea) iy + s (x = 30))
Xo

Xo+€q o d
= [ B ). o)) g+ s = )

Xo0

(67)
where 13{,12 (x;x0,5,t) = $(1 - exp(—%t(x - x0)%)).
Note that
X
/ exp(—tz)dt = gerf(x). (68)
0

For fox exp(—st?)dt, with s > 0, using the change of variable T =
/st, we have

x Vsx 1 [ 7
2 _ T 4T = .=
‘/0 exp(—st )dt_./o exp(-T )\/ng— 43erf(\/gx). (69)
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So,
x0+€a '*f d
[0 ke Katea) 7 + i - 30))d
Xo
a ey (eq) /8“ ki(eq) ( aky (eq) 2)
- kadx — ks exp [ 252\Ea) 2} 4
/o ko(ea) * o ka(ea) 3P 2 )7
ki(ea)ksea  ki(ea)ks P aky(eq)
= — f 70
ka(ea)  kalea) \2aka(en (N2 ) O
and

‘}a(“:a, kl (ga), kz(ga)s fX()’ k3)

_ k1(ea) _ _akz(fa) 2 _ ki(ea)ksea
= o) (l exp( — Ea)) (fro + k3€a) —kz(fa)

k1(eq)ks 7 akz(q)
et N2k N T2 Gl (71)

If we take § from (0, %) (again, which aligns with the condition
required for the case when computing the last term of (38)), and set

_1 . . .
£a=a 29 then, limye0 £g = 0 and limge0 ag2 = limg_e0 a%0 =

o0, thus limg— 00 (1 — exp(—%gg)) = 1. So, we have
algréo Va(ga, ki(ea), k2(eq), f;co: k3;x0)

k1 (Ea) (1 —exp (_@Eg)) (fxo +k3€a)

= lim
a—oo kz(fa) ————
———
—1 —1 _’fxo
~ lim ki(ea)ksea + lim k1(ea)ks T akz(fa)g
a—>eo  ky(eq)  a—oo ka(eq) N 2akz(eq) 2
—— — ——
—0 —ks —0 -1 <1
= fxo- (72)
Likewise,

Xo+Ea
f ~
/ P (i x0) f(dx < Va(ean ka(ea). ki (ea). fug. kai x0),
X

0

(73)
and the limit of the right hand side is
im Va(ea, ka(ea), ki (£a), e ks x0) = fry- (74)
Hence,
Xo+éa f
Jim P (x3%0) f(x)dx = fr. (75)
Xo
]
LEmMMA 1. For s > 0 and ¢ > 0
lim aexp(—ca®) =0. (76)
a—oo
Proor. Using the L’Hoépital’s rule, we have
a L’Hf)pit:al’s rule i 1 (77)

im —— im ——.
a—oo exp(ca’) a—o csas~1 exp(ca’)
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If s > 1, this limit is clearly 0, and if 0 < s < 1, we further have

1 al—s
im ———— = lim ———
a—o csas~lexp(cas) a—oo csexp(ca®)
L’Hopital’s rule (1-s)a=* (1- S)al—Zs

- = lim ———F—, (78
a—co 2525~ lexp(cas) a— c2sZ exp(ca®) 78)

which is 0 if s > % For smaller and smaller s, we have

(1-s)(1-25)a™%
a—co ¢353g5~1exp(ca’)

. (1- s)al—Zs L’Hopital’s rule
im ————— =
a—0o0 g2s2 exp(ca’)
o (1=s)(1—-2s)al"3
lim
a—co 353 exp(ca’)
1-ns yyn—1
a 1= (1 —ks)
= ...= lim k=1

a—oco  cMs™exp(ca’)

(79)

which is 0 for s > % So, for an arbitrary s > 0, if we take n = f%]
then
1-ns yyn—1
a 1= (1 = ks)
lim aexp(—ca®) = lim k=1 =0. (80)
a—oo a—oo  cNs™exp(ca’)

O
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